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A NOTE ON UNITAL FULL AMALGAMATED FREE
PRODUCTS OF QUASIDIAGONAL C*-ALGEBRAS
QIHUI LI, DON HADWIN, JIANKUI LI, XIUJUAN MA, AND JUNHAO SHEN
Abstract. In the paper, we consider the question whether a unital full amal-
gamated free product of quasidiagonal C*-algebras is quasidiagonal again. We
give a sufficient condition such that a unital full amalgamated free product
of quasidiagonal C*-algebras with amalgamation over a finite dimensional C*-
algebra is quasidiagonal. Applying this result, we conclude that a unital full
free product of two AF algebras with amalgamation over a finite-dimensional
C*-algebra is AF if there are faithful tracial states on each of these two AF
algebras such that the restrictions on the common subalgebra agree.
1. Introduction
Quasidiagonal C*-algebras have now been studied for more than 30 years. A set
Ω ⊆ B (H) is quasidiagonal if for every ε > 0 and finite subsets ω ⊆ Ω and χ ⊆ H
there is a finite-rank orthogonal projection P such that ‖[P, T ]‖ < ε if T ∈ ω and
‖(1− P )h‖ < ε if h ∈ χ. In fact, if A is separable, then Ω is a quasidiagonal set of
operators if and only if there exist an increasing sequence of finite rank projections,
P1 ≤ P2 ≤ · · · , such that, for each a ∈ Ω, ‖[a, Pn]‖ → 0 and Pn → IH (strong
operator topology) as n→ ∞. A C*-algebra A is quasidiagonal (QD) if there is a
faithful representation ρ such that ρ (A) is a quasidiagonal set of operators. Recall
that a faithful representation π : A → B (H) is called essential if π (A) contains no
nonzero finite rank operators. Voiculescu showed that A is QD if and only if π (A)
is a quasidiagonal set of operators for a faithful essential representation π of A. The
examples of QD algebras include all abelian C*-algebras and finite-dimensional C*-
algebras as well as residually finite-dimensional C*-algebras. For more information
about QD C*-algebras, we refer the reader to [6], [19], [20].
All C*-algebras in this note are unital. In [5], we know that all separable QD
C*-algebras are Blackadar and Kirchberg’s MF algebras. It is well known that
the reduced free group C*-algebra C∗r (F2) is not QD. Haagerup and Thorbjφrnsen
showed that C∗r (F2) is MF ([13]). This implies that the family of all separable QD
C*-algebras are strictly contained in the set of MF C*-algebras.
In this note, we are interested in the question of whether the unital full free
products of QD C*-algebras with amalgamation over a common finite-dimensional
C*-algebra are QD again. In [15], a necessary and sufficient condition is given
2000 Mathematics Subject Classification. 46L09, 46L35.
Key words and phrases. quasidiagonal C*-algebras; Unital full amalgamated free products of
C*-algebras.
The research of the first author is partially supported by National Natural Science Foundation
of China (Grant No. 11201146) and the Fundamental Research Funds for the Central Universities
as well as SRF for ROCS, SEM. .
1
2 QIHUI LI, DON HADWIN, JIANKUI LI, XIUJUAN MA, AND JUNHAO SHEN
for a unital full free product of RFD C*-algebras with amalgamation over a finite-
dimensional C*-algebra to be RFD again. Similar result hold for unital MF algebras
([16]). Based on these results and the relationship among RFD C*-algebras, MF
C*-algebras and QD C*-algebras, it is natural to ask whether the same things will
happen when we consider QD C*-algebras. For the case when the common part of
two QD C*-algebras in a unital full amalgamated free product is *-isomorphic to a
full matrix algebra (Proposition 1, [15]), the answer is affirmative. In this note, we
consider the case when the common part is a finite-dimensional C*-algebra. First of
all, we will give two corollaries about QD C*-algebras based on Voiculescu’s result.
Then, we will show that, under a certain condition, a unital full amalgamated
free product of two separable QD C*-algebras with amalgamation over a finite-
dimensional C*-algebra is QD again. As an application, we consider the case when
two unital C*-algebras in a unital full amalgamated free product are both AF. We
will show that a full free product of two AF algebras with amalgamation over a
finite-dimensional C*-subalgebra is a QD C*-algebra if there are faithful tracial
states on each of these two AF algebras such that the restrictions on the common
subalgebra agree.
A brief overview of this paper is as follows. In Section 2, we fix some notation
and give two corollaries about QD C*-algebras based on Voiculescu’s abstract char-
acterization. Section 3 is devoted to results on the full amalgamated free products
of two unital QD C*-algebras. We first consider unital full free products of unital
QD C*-algebras with amalgamation over finite-dimensional C*-subalgebras. Then
we consider the case when two QD C*-algebras are both AF algebras.
2. Unital QD C*-algebras
The examples of QD algebras contains all RFD C*-algebras and AF algebras.
Voiculescu’s result (Theorem 1, [19]) give an abstract (i.e. representation free)
characterization of QD C*-algebras which is crucial in the rest of this paper. In
the rest of this paper, we will only be concerned with separable C*-algebras and
representations on separable Hilbert spaces.
We denote the set of all bounded operators on H by B (H). Suppose {x, xk}
∞
k=1
is a family of elements in B (H). We say that xk → x in ∗-s.o.t (∗-strong operator
topology) if and only if xk → x in s.o.t (strong operator topology) and x
∗
k → x
∗ in
s.o.t.
We use the notation C*(x1, x2, · · · ) to denote the unital C*-algebra generated by
{x1, x2, · · · } . Let C〈X1, . . . ,Xn〉 be the set of all noncommutative polynomials in
the indeterminantsX1, . . . ,Xn. Let CQ = Q+iQ denote the complex-rational num-
bers, i.e., the numbers whose real and imaginary parts are rational. Then the set
CQ〈X1, . . . ,Xn〉 of noncommutative polynomials with complex-rational coefficients
is countable. Throughout this paper we write
C〈X1,X2, · · · 〉 = ∪
∞
m=1C〈X1,X2, · · ·Xm〉,
and
CQ〈X1,X2, · · · 〉 = ∪
∞
m=1CQ〈X1,X2, · · ·Xm〉.
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Suppose {Mkn(C)}
∞
n=1 is a sequence of complex matrix algebras. We introduce
the C*-direct product
∏∞
m=1Mkm(C) of {Mkn(C)}
∞
n=1 as follows:
∞∏
n=1
Mkn(C) = {(Yn)
∞
n=1 | ∀ n ≥ 1, Yn ∈Mkn(C) and ‖(Yn)
∞
n=1‖ = sup
n≥1
‖Yn‖ <∞}.
Furthermore, we can introduce a norm-closed two sided ideal in
∏∞
n=1Mkn(C) as
follows:
∞∑
n=1
Mkn(C) =
{
(Yn)
∞
n=1 ∈
∞∏
n=1
Mkn(C) : lim
n→∞
‖Yn‖ = 0
}
.
Let π be the quotient map from
∏∞
n=1Mkn(C) to
∏∞
n=1Mkn(C)/
∞∑
n=1
Mkn(C).
Then
∞∏
n=1
Mkn(C)/
∞∑
n=1
Mkn(C)
is a unital C*-algebra. If we denote π ((Yn)
∞
n=1) by [(Yn)n], then
(0) ‖[(Yn)n]‖ = lim sup
n→∞
‖Yn‖ ≤ sup
n
‖Yn‖ = ‖(Yn)n‖ ∈
∞∏
n=1
Mkn(C)
Recall that a C*-algebra is residually finite-dimensional (RFD) if it has a sep-
arating family of finite-dimensional representations. If a separable C*- algebra A
can be embedded into
∏
k
Mnk (C) /
∑
kMnk (C) for a sequence of positive integers
{nk}
∞
k=1 , then A is called an MF algebra. Many properties of MF algebras were
discussed in [5]. Note that the family of all RFD C*-algebras is strictly contained
in the family of all QD C*-algebras, and all QD C*-algebras are MF C*-algebras.
D. Hadwin give a characterization of unital RFD C*-algebras (Theorem 6, [11])
and a similar characterization of unital MF algebras is given by Hadwin, Li and
Shen in [12]. Based on proceeding characterizations of RFD C*-algebras and MF
C*-algebras respectively, we are expecting to see the distinction of quasidiagonal
C*-algebras.
Now, we are ready to give a corollary of Voiculescu’s result (Theorem 1, [19]).
Corollary 1. Suppose A is a unital separable C*-algebra. Then A is quasidiago-
nal if and only if, for any faithful unital essential representation π : A → B (H)
on a separable Hilbert space, there are sequences {Pn} of finite-rank projections
with Pn → I in s.o.t and unital completely positive mappings {ϕn} from A into
B (PnHPn) such that
ϕn (a)→ π (a) in s.o.t for any a ∈ A
and
‖ϕn (ab)− ϕn (a)ϕn (b)‖ → 0 for any a, b ∈ A
Proof. (⇐=)Let {a1, · · · , am} be a finite subset ofA, {x1, x2, · · · } be a dense subset
of (H)1 . Suppose π : A → B (H) is a faithful unital essential *-homomorphism, and
{ϕn} is a sequence of unital completely positive maps in the hypothesis. Then for
any ε > 0, there is an integer nε and xi1 , · · · , xim such that and∥∥π (aj)xij∥∥ > ‖aj‖ − ε2
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and ∥∥ϕnε (aj)xij − π (aj)xij∥∥ < ε2
as well as
‖ϕnε (ab)− ϕnε (a)ϕnε (b)‖ < ε.
This implies that ‖ϕnε (aj)‖ ≥ ‖aj‖−ε (j = 1, · · · ,m) and ‖ϕnε (ab)− ϕnε (a)ϕnε (b)‖ <
ε. Then by Theorem 1, [19], we have π (A) is a QD algebra.
(⇒)Suppose A is a separable quasidiagonal C*-algebra and π : A → B (H) is a
faithful unital essential representation on a separable Hilbert space. Then π (A) is
a quasidiagonal set. Therefore, we can find a sequence {Pn} of projections with
Pn → I in s.o.t such that Pnπ (a)Pn → π (a) in s.o.t. and
‖Pnπ (ab)Pn − Pnπ (a)Pπ (b)Pn‖ → 0.
Now let ϕn (a) = Pnπ (ab)Pn, then the proof is completed. 
Since each separable QD C*-algebra A is MF, this implies that A can be embed-
ded into
∏
Mkm (C) /
∑
Mkm (C) for a sequence {km} of integers. But in general,
an MF algebra may not be a QD C*-algebra. Next proposition shows the differ-
ence between QD C*-algebras and general MF C*-algebras. Note that
∏
Mkm (C)
can be viewed as a C*-subalgebra of B
(
⊕∞m=1C
km
)
. If K
(
⊕∞m=1C
km
)
denote the
set of all compact operators acting on ⊕∞m=1C
km , then it is not hard to see that
K
(
⊕∞m=1C
km
)
∩
∏
Mkm (C) =
∑
Mkm (C) .
Let π : B (H)→ Q (H) be the canonical mapping onto the Calkin algebra and A
is a unital C*-algebra. Suppose ϕ : A → B (H) is a unital completely positive map
then we say that ϕ is a representation modulo the compacts if π◦ϕ : A → Q (H) is a
*-homomorphism. If π◦ϕ is injective then we say that ϕ is a faithful representation
modulo the compacts. The following proposition can be found in Proposition 3.1.3
and the preceding remark in [5], we include a proof for the convenience of the
reader.
Proposition 1. Suppose A is a unital separable C*-algebra, A is QD if and
only if there is a sequence {km} of integers and an embedding ρ from A into∏
Mkm (C) /
∑
Mkm (C) such that ρ can be lifted to a faithful representation of
A into
∏
Mkm (C) modulo the compacts.
Proof. (=⇒) Suppose A is a separable quasidiagonal C*-algebra and π : A → B (H)
is a faithful unital essential representation on a separable Hilbert space. Then, for
any given ε > 0, and F ⊆ A finite subset, there is a representation ρ : A → B (K)
and a finite-rank orthogonal projection P such that
‖Pρ (a)P‖ ≥ ‖a‖ − ε
‖[P, ρ (a)]‖ ≤ ε
by Theorem 1, [19]. Let 1 ∈ F1 ⊆ F2 ⊆ · · · be a sequence of finite subsets of A with
∪Fn = A. Assume that Fn, Pn,Kn, εn = n
−2 and ρn satisfy above requirements.
There is no loss of generality in assuming, we assume that Kn is separable for each
n. Let
X = ⊕k≥1Kk, ρ˜ = ⊕k≥1ρk
Y = ⊕k≥1PkKk ⊆ X
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Since, for each a ∈ ∪Fn, there is ko ∈ N such that ‖[Pk, ρ (a)]‖ ≤ k
−2 and
‖Pkρ (a)Pk‖ ≥ ‖a‖ − k
−2 for each k ≥ ko, we have that PY ρ˜|Y is a faithful repre-
sentations modulo the compacts from A to B (Y ) .
Let km = dimPmKm. Then A can be embedded into
∏
Mkm (C) /
∑
Mkm (C)
such that this embedding can be lifted to a faithful representation modulo the
compacts.
(⇐=) Assume that there is a sequence {km} of integers and an embedding ρ
from A into
∏
Mkm (C) /
∑
Mkm (C) such that ρ can be lifted to a faithful rep-
resentation ρ˜ of A into
∏
Mkm (C) ⊆ B
(
⊕∞m=1C
km
)
modulo the compacts. Let
Pm = PCkm ∈ B
(
⊕∞m=1C
km
)
. Define a unital completely positive map ϕn = Pnρ˜Pn
from A to B
(
Ckm
)
=Mkm (C) for each m ∈ N. Since ρ˜ is a faithful representation
modulo the compacts, we have ‖ϕn (ab)− ϕn (a)ϕn (b)‖ → 0 as n → ∞. Suppose
F ⊆ A is a finite subset and ε > 0. Assume
ρ˜ (a) = (am)
∞
m=1 ∈
∏
Mkm (C) for a ∈ A.
Then ϕn(a) = Pnρ (a)Pn = an. Since lim sup
m→∞
‖am‖Mkm (C)
= ‖a‖ ,we can find
natural numbers m1 and m2 with m1 ≤ m2 such that∣∣∣∣( sup
m1≤l≤m2
‖al‖Ml(C)
)
− ‖a‖
∣∣∣∣ ≤ ε for each a ∈ F
and
‖(⊕m1≤l≤m2 (ab)l)−⊕m1≤l≤m2albl‖ = sup
m1≤l≤m2
‖ϕl (ab)− ϕl (a)ϕl (b)‖ ≤ ε for a, b ∈ F
Let k =
∑m2
l=m1
l and ϕ = ϕm1 ⊕ · · · ⊕ ϕm2 . Then ϕ is a unital completely pos-
itive map from A to Mkm1 (C) ⊕ · · · ⊕ Mkm2 (C) with ‖ϕ (a)‖ ≥ ‖a‖ − ε and
‖ϕ (ab)− ϕ (a)ϕ (b)‖ ≤ ε. This implies that A is QD by Theorem 1, [19]. 
3. Unital Full Amalgamated Free Product of QD algebras
Now we are ready to consider the unital full free products of two QD C*-algebra
with amalgamation over a finite-dimensional C*-subalgebra.
Given (Ai)i∈I unital C*-algebras with a common unital C*-subalgebra B and
faithful conditional expectation Ei : Ai → B, look at the algebraic free product
A = ⊛BAi with amalgamation over B, which is a B-ring. Then B-bimodule de-
compositions Ai = B ⊕A
0
i where A
0
i = kerEi = {a− Ei (a) : a ∈ Ai} yield the
following B-bimodule decomposition ([4]):
⊛BAi = B ⊕⊕i6=···6=in:n≥1A
0
i1
⊗B · · · ⊗B A
0
in
.
The full amalgamated free product of (Ai, Ei)i∈I denoted by ∗BAi is the completion
of ⊛BAi in the C*-norm.
‖a‖ = sup {‖π (a)‖ : π *-representation of ⊛BAi} .
The following example shows that a full amalgamated free product of two QD
(or MF, RFD) algebras may not be QD (or MF, RFD) again, even for a unital full
free product of two full matrix algebras with amalgamation over a two dimensional
C*-algebra which is *-isomorphic to C⊕ C.
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Example 1. Let D =C⊕ C. Suppose ϕ1 : D →M2 (C) and ϕ2 : D →M3 (C) are
unital embeddings such that
ϕ1 (1⊕ 0) =
(
1 0
0 0
)
and ϕ2 (1⊕ 0) =
 1 0 00 0 0
0 0 0

Then M2 (C) ∗
D
M3 (C) is not QD. Note that every QD algebra has a nontrivial
tracial state by 2.4 [20]. If we assume that M2 (C) ∗
D
M3 (C) is QD, then there
exists a tracial state τ on M2 (C) ∗
D
M3 (C) . So the restrictions of τ on M2 (C)
and M3 (C) are the unique tracial states on M2 (C) and M3 (C) respectively. It
follows that τ (ϕ1 (1⊕ 0)) =
1
2 6= τ (ϕ2 (1⊕ 0)) =
1
3 which contradicts to the fact
that ϕ1 (1⊕ 0) = ϕ2 (0⊕ 1) in M2 (C) ∗
D
M3 (C). Therefore M2 (C) ∗
D
M3 (C) is
not QD.
The following lemma is well known.
Lemma 1. Suppose A =C*(x1, x2, · · · ) and B =C*(y1, y2, · · · ) are unital C*-algebras.
Then there is a unital *-homomorphism from A to B sending each xk to yk, if and
only if, for each ∗-polynomial P ∈ CQ 〈X1,X2, · · · 〉 , we have
‖P (x1, x2, · · · )‖ ≥ ‖P (y1, y2, · · · )‖ .
Lemma 2. (Corollary 4, [4]) Given (Ai, Ei)i∈I and (Bi, Fi)i∈I with Ei : Ai → B,
Fi : Bi → B faithful projections of norm one onto the unital C*-subalgebra B and
the B-linear completely positive maps ϕi : Ai → Bi, there is a common extension
Φ : ∗BAi → ∗BBi which is B-linear and completely positive.
For showing our main result in this section, we need the following two lemmas.
Lemma 3. (Proposition 2.2, [1])Let
A˜ ⊇ A ⊇ D ⊆ B ⊆B˜
be inclusions of C*-algebras and let A∗DB and A˜∗DB˜ be the corresponding full amal-
gamated free product C*-algebras. Let λ : A∗DB → A˜∗DB˜ be the *-homomorphism
arising via the universal property form the inclusions A →֒A˜ and B →֒B˜. Then λ
is injective.
Lemma 4. (Corollary 2, [15]) Suppose that A is a separable unital RFD C*-algebra
and D is a unital finite-dimensional C*-subalgebra of A. Then A∗DA is RFD.
Theorem 1. Suppose C*-algebras A1 and A2 are unital QD algebras and D is a
common unital finite-dimensional C*-subalgebra. If there is a sequence {kn} of inte-
gers such that A1 and A2 can be both unital embedding into
∏
Mkm (C) /
∑
Mkm (C),
and these two unital embeddings can be lifted to faithful representations
qA1 : A1→
∏
Mkm (C) and qA2 : A2→
∏
Mkm (C)
modulo the compacts respectively satisfying qA1 , qA2 agree on D, qAi |D is a unital
faithful *-homomorphism and qA1 , qA2 are D-linear in the sense that qAi (dx) =
qAi (d) qAi (x) for d ∈ D and x ∈ Ai (i = 1 or 2), then A1∗DA2 is QD.
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Proof. Suppose Ei : Ai → D (i = 1, 2) is a faithful conditional expectation, let
Ai = D ⊕A
0
i be the D-bimodule decomposition of Ai with respect to Ei.
Assume F is a finite subset of A1∗DA2 which contains only two elements. Then
F = {d1 + ai1 · · · ais , d2 + bk1 · · · bkt} where d1, d2 ∈ D and aih ∈ A
0
ih
, bkl ∈ A
0
kl
as
well as i1 6= · · · 6= is, k1 6= · · · 6= kt. Since aik and bkt are all in A1 or A2 for each
ik ∈ {i1, · · · , is} and kt ∈ {k1, · · · , kt} ,without loss of generality, we may assume
that either
F = {d1 + a1,1a2,1a1,2a2,2a1,3 · · · a1,n, d2 + b1,1b2,1b1,2b2,2b1,3 · · · b1,m}
or
F = {d1 + a1,1a2,1a1,2a2,2a1,3 · · · a1,n, d2 + b2,1b1,1b2,2b1,2b2,3 · · · b2,m}
where
{a1,1, a1,2, · · · , a1,n, b1,1,b1,2, · · · , b1,m} ⊆ A
0
1
and
{a2,1, a2,2, · · · , a2,n, b2,1,b2,2, · · · , b2,m} ⊆ A
0
2.
For the case when
F = {d1 + a1,1a2,1a1,2a2,2a1,3 · · · a1,n, d2 + b1,1b2,1b1,2b2,2b1,3 · · · b1,m} ,
we have a1,n · b11 and b1,m · a11 are both in A1. So we can find an integer N0 such
that
q˜A1 : A1→
∏
km≥kN0
Mkm (C) , q˜A2 : A2→
∏
km≥kN0
Mkm (C)
are faithful representations modulo the compacts respectively with
(2) ‖q˜Ai (ai,j)‖ ≤ ‖ai,j‖+ 1, ‖q˜A1 (bk,l)‖ ≤ ‖bk,l‖+ 1
where i, k ∈ {1, 2} , 1 ≤ j ≤ n and 1 ≤ l ≤ m. Meanwhile, we also require that
‖q˜A1 (a1,nb11)− q˜A1 (a1,n) q˜A1 (b1,1)‖ and ‖q˜A1 (b1,ma1,1)− q˜A1 (b1,m) q˜A1 (a1,1)‖
(3)
≤
ε
(‖a1,1‖+ 1) (‖a2,1‖+ 1) · · · (‖a1,n‖+ 1) (‖b1,1‖+ 1) (‖b2,1‖+ 1) · · · (‖b1,m‖+ 1)
.
Since q˜A1 |D = q˜A2 |D is a unital faithful *-homomorphism, by Lemma 2, we have
a unital completely positive map
Φ = q˜A1 ∗ q˜A2 : A1∗DA2→
∏
km≥kN0
Mkm (C) ∗D
∏
km≥kN0
Mkm (C)
with Φ|A1 = q˜A1 , Φ|A2 = q˜A2 .
Suppose
A1 = C
∗ (z1, · · · , zl, x1, · · · , a1,1, · · · , a1,n, b1,1, · · · , b1,m)
and
A2=C
∗ (z1, · · · , zl, y1, · · · , a2,1, · · · , a2,n−1, b2,1, · · · b2,m−1)
where D =C∗ (z1, · · · , zl) . Assume that Xi (N0) = q˜A1 (xi) , Yi (N0) = q˜A2 (yi) for
each i ∈ N, Dj (N0) = q˜A1 (zj) = q˜A2 (zj) for 1 ≤ j ≤ l and
A1,1 (N0) = qA1 (a1,1) , · · · , A1,n (N0) = qA1 (a1,n) ,
A2,1 (N0) = qA2 (a2,1) , · · · , A2,n−1 (N0) = qA2 (a2,n−1)
as well as
B1,1 (N0) = qA1 (b1,1) , · · · , B1,m (N0) = qA1 (b1,m) ,
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B2,1 (N0) = qA2 (b2,1) , · · · , B2,m−1 (N0) = qA2 (b2,m−1) .
Then let
AN01
= C∗
(
{Dm (N0)}
l
m=1 , {Xi (N0)}
∞
i=1 , {A1,1 (N0) , · · · , A1,n (N0)} , {B1,1 (N0) , · · · , B1,m (N0)}
)
and
AN02
= C∗
(
{Dm (N0)}
l
m=1 , {Y (N0)}
∞
i=1 , {A2,1 (N0) , · · · , A2,n−1 (N0)} , {B2,1 (N0) , · · · , B2,m−1 (N0)}
)
It is clear that AN01 and A
N0
2 are unital C*-subalgebras of
∏
km≥kN0
Mkm (C) . So, by
Lemma 1 and inequality (0), there is a *-homomorphism
πN01 : A
N0
1 → A1 ∗D A2
with πN01 (C
∗ (D1 (N0) , · · · , Dl (N0))) = D and a *-homomorphism
πN02 : A
N0
2 → A1 ∗D A2
with πN01 |C∗(D1(N0),··· ,Dl(N0)) = π
N0
2 |C∗(D1(N0),··· ,Dl(N0)). Therefore, we have a ho-
momorphism
πN0 : AN01 ∗D A
N0
2 → A1 ∗D A2
such that πN0 |
A
N0
1
= πN01 and π
N0 |
A
N0
2
= πN02 . By Lemma 3, we may treat A
N0
1 ∗D
AN02 as a C*-subalgebra of
∏
km≥kN0
Mkm (C) ∗D
∏
km≥kN0
Mkm (C) . Therefore
πN0 (Φ (d1 + a1,1a2,1 · · · a1,n)) = π
N0 (qA1 (d1) + qA1 (a1,1) qA2 (a2,1) · · · qA1 (a1,n))
= d1 + a1,1a2,1 · · ·a1,n.
It follows that
(4) ‖Φ (d1 + a1,1a2,1 · · · a1,n)‖ ≥ ‖d1 + a1,1a2,1 · · · a1,n‖ ,
similarly,
(5) ‖Φ (d2 + b1,1b2,1 · · · b1,m)‖ ≥ ‖d2 + b1,1b2,1 · · · b1,m‖ .
From Lemma 4, we know that
∏
km≥kN0
Mkm (C)∗D
∏
km≥kN0
Mkm (C) is RFD, then
it can be unital embedded into
∏
Mlm for a sequence {lm} of integers. So by
Theorem 6, [11], there is a sequence of finite-rank projection {Pn} on ⊕
∞
m=1C
lm
and *-representation
ϕn :
∏
km≥kN0
Mkm (C) ∗D
∏
km≥kN0
Mkm (C)→ B
(
Pn
(
⊕∞m=1C
lm
)
Pn
)
such that
ϕn (a)→ a (s.o.t) for each a ∈
∏
km≥kN0
Mkm (C) ∗D
∏
km≥kN0
Mkm (C) .
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So, for Φ (d1 + a1,1a2,1 · · · a1,n) and Φ (d2 + b1,1b2,1 · · · b1,m) in
∏
km≥kN0
Mkm (C) ∗D∏
km≥kN0
Mkm (C) , there is M, such that
‖ϕM (Φ (d1 + a1,1a2,1 · · · a1,n))‖ ≥ ‖Φ (d1 + a1,1a2,1 · · ·a1,n)‖ − ε
≥ ‖d1 + ai1 · · ·ais‖ − ε
by (4) and
‖ϕM (Φ (d2 + b1,1b2,1 · · · b1,m))‖ ≥ ‖Φ (d2 + b1,1b2,1 · · · b1,m)‖ − ε
≥ ‖d2 + b1,1b2,1 · · · b1,m‖ − ε
by (5). Meanwhile, note that qAi is D-linear and by inequalities (2) and (3), we
have
‖ϕM (Φ ((d2 + a1,1 · · · a1,n) (d1 + b1,1 · · · b1,m)))− ϕM (Φ (d2 + a1,1 · · · a1,n)Φ (d1 + b1,1 · · · b1,m))‖
≤ ‖q˜A1 (a1,1) · · · q˜A2 (a2,n−1)‖ ‖q˜A1 (a1,nb1,1)− q˜A1 (a1,n) q˜A1 (b1,1)‖ ‖q˜A2 (b2,1) · · · q˜A1 (b1,m)‖
≤ ε
and
‖ϕM (Φ ((d2 + b1,1 · · · b1,m) (d1 + a1,1 · · · a1,n)))− ϕM (Φ (d2 + b1,1 · · · b1,m)Φ (d1 + a1,1 · · · a1,n))‖
≤ ε.
For the case
F = {d1 + a1,1a2,1a1,2a2,2a1,3 · · · a1,n, d2 + b2,1b1,1b2,2b1,2b2,3 · · · b2,m} ,
we can use a similar discussion and notice that
ϕM (Φ ((d1 + a1,1 · · · a1,n) (d2 + b2,1 · · · b2,m))) = ϕM (Φ (d1 + a1,1 · · · a1,n)Φ (d2 + b2,1 · · · b2,m))
and
ϕM (Φ ((d2 + b2,1 · · · b2,m) (d1 + a1,1 · · · a1,n))) = ϕM (Φ (d2 + b2,1 · · · b2,m)Φ (d1 + a1,1 · · ·a1,n))
in this case. It follows that the map ΦM = ϕM ◦ Φ is a unital completely positive
mapping from A1∗DA2 to B
(
Pn
(
⊕∞m=1C
lm
)
Pn
)
such that
‖ΦM (a)‖ ≥ ‖a‖ − ε and ‖ΦM (ab)− ΦM (a)ΦM (b)‖ ≤ ε
for a, b ∈ F . Using a similar argument for any finite subset F ⊆ A1∗DA2, we
conclude that A1∗DA2 is QD by Theorem 1, [19]. 
For showing the following corollary, we need a lemma.
Lemma 5. (Theorem III.3.4, [8])A C*-algebra A is AF if and only if it is separable
and :
(*) for all ε > 0 and A1, · · · , An in A, there exists a finite dimensional C*-
subalgebra B of A such that dist(Ai,B) < ε for 1 ≤ i ≤ n.
Moreover, if A1 is a finite-dimensional subalgebra of A, then we may choose B
so that it contains A1.
Corollary 2. Suppose A and B are both AF algebras, D is a common unital finite-
dimensional C*-subalgebra of A and B. If there are faithful tracial states τA and
τB on A and B respectively, such that
τA (x) = τB (x) , ∀x ∈ D,
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then A∗DB is QD.
Proof. Assume that {xn}
∞
n=1 ⊆ A, {yn}
∞
n=1 ⊆ B are families of generators in A
and B respectively. Note that A and B are AF algebras, D is a finite-dimensional
subalgebra. For each N ∈ N, there are finite dimensional C∗-subalgebras AN ⊆ A
and BN ⊆ B such that
(6) max
1≤n≤N
{dist(xn,AN ), dist(yn,BN)} ≤
1
N
and AN ⊃ D ⊂ BN by Lemma 5. Note that τA(x) = τB(x), ∀ x ∈ D. From the
argument in the proof of Theorem 4.2 [1], there are rational faithful tracial states
on AN and BN such that their restrictions on D agree. This implies that there is
a positive integer kN such that
MkN (C) ⊇ AN⊇ D ⊆ BN⊆MkN (C).
So there are conditional expectations ENA : A → AN and E
N
B : B → BN such that
ENA (x) = E
N
B (x) for any x ∈ D, we can define
EA : A →
∏
n≥NAN ⊆
∏
n≥NMkN (C)
by EA (a) =
(
ENA (a) , E
N+1
A (a) , · · ·
)
and
EB : B →
∏
n≥NBN ⊆
∏
n≥NMkN (C)
by EB (a) =
(
ENB (a) , E
N+1
B (a) , · · ·
)
. It follows that EA and EB are unital com-
pletely positive maps, EA|D = EB|D and EA|D is a faithful unital *-homomorphism
of D. From (6), it is not hard to see that EA and EB are unital faithful representa-
tions from A and B into
∏
n≥NMkN (C) modulo the compacts respectively. Then
A∗DB is quasidiagonal by Theorem 1. 
It is unknown whether the requirement that two AF algebras Ai have a pair of
faithful traces τi on Ai which agree on D is a necessary condition in proceeding
theorem. But if the embeddings from D into Ai (i = 1, 2) are not unital, then
A1 ∗D A2 could be QD, even though there are no such faithful traces agree on
D. For example, Let D =C. Suppose ϕ1 : C→M2 (C) and ϕ2 : C→M3 (C)
are embeddings such that ϕ1 (1) =
(
1 0
0 0
)
and ϕ2 (1) =
 1 0 00 1 0
0 0 1
 . Then
M2 (C) ∗
C
M3 (C) ∼= M2 (C)⊗M3 (C) is QD by Chapter 6 [17]. When dimD ≥ 2,
we do not have a a satisfactory answer yet.
Corollary 3. Suppose A is an AF algebra and D is a finite-dimensional C*-
subalgebra of A. Then A∗DA is quasidiagonal.
Proof. It is an easy consequence of Corollary 2. 
Remark 1. Suppose that A is an AF algebra and B =∪∞i=1Bi ⊆ A is an AF
subalgebra of A. From Proposition 4.12 in [18], we have that A∗BA = limA∗BiA.
But in general inductive limits of QD C*-algebras may not be QD again. However,
by Theorem 4 [16], we have that A∗BA is an MF algebra.
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